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REPRESENTATIONS OF REDUCTIVE GROUPS OVER
QUOTIENTS OF LOCAL RINGS
ALEXANDER STASINSKI
Abstrat. In some reent work, Lusztig outlined a generalisation of the on-
strution of Deligne and Lusztig to redutive groups over nite rings oming
from the ring of integers in a loal eld, modulo some power of the maximal
ideal. Lusztig onjetures that all irreduible representations of these groups
are ontained in the ohomology of a ertain family of varieties. We show that,
ontrary to what was expeted, there exist representations that annot be re-
alised by the varieties given by Lusztig. Moreover, we show how the remaining
representations in the ase under onsideration an be realised in the oho-
mology of a dierent kind of variety. This may suggest a way to reformulate
Lusztig's onjeture.
1. Introdution
Let G be a onneted redutive group, dened over a nite eld Fq of harateris-
ti p. The elebrated work of Deligne and Lusztig ([2℄) uses methods of l-adi étale
ohomology to show that many omplex irreduible representations of the nite
group G(Fq) are parametrised by haraters of maximal tori in G(Fq), and more-
over, that every irreduible representation appears in the ohomology of a ertain
kind of variety.
Now let K be a loal eld (of any harateristi) with nite residue eld Fq, and
ring of integers OK . Fix an algebrai losure of K, and let O be the ring of integers
of the maximal unramied extension Kur of K with residue eld F, an algebrai
losure of Fq. Denote by ε a xed prime element in OK . It is also a prime element
in O.
Assume that X is an ane variety over F, and let r ≥ 1 be an integer. We set
Xr = X(O/(ε
r)).
Thus, if X is the ommon zeroes of the polynomials fi(x1, . . . , xn), i = 1, . . . ,m,
then Xr is the set of all (a1, . . . , an) ∈ (O/(ε
r))n suh that fi(a1, . . . , an) = 0 for
i = 1, . . . ,m. This makes sense, sine O/(εr) is an F-algebra. Then X 7→ Xr is a
funtor from the ategory of ane varieties over F into itself.
For any r ≥ r′ ≥ 0 the redution map O/(εr) → O/(εr
′
) indues a morphism
ρr,r′ : Xr → Xr′ . We will denote the map ρr,1 by ρr. Consider the redutive
algebrai group G over F. Then Gr is naturally an algebrai group over F, and
ρr,r′ : Gr → Gr′ is a surjetive homomorphism of algebrai groups with kernel G
r′
r .
Thus we have an exat sequene
1 −→ Gr
′
r −→ Gr
ρr,r′
−−−→ Gr′ −→ 1.
The injetion O/(εr
′
) → O/(εr) indues a funtion ir′,r : Gr′ → Gr suh that
ρr,r′ ◦ ir′,r is the identity map on Gr′ . In the ase where r
′ = 1 and K is a loal
1
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eld of positive harateristi there is an inlusion of F-algebras O/(ε) → O/(εr),
and i1,r is an injetive homomorphism, so that the above exat sequene splits.
When K is of harateristi zero, the exat sequene is just a group extension. We
will denote i1,r by ir.
Let F : G → G be the Frobenius morphism orresponding to the Fq-rational
struture of G. The map F indues a homomorphism F : Gr → Gr whih is the
Frobenius map for an Fq-rational struture on Gr. Let T be a maximal torus in G
ontained in an F -stable Borel subgroup B, with unipotent radial U . Fix r ≥ 1
as above, and let x ∈ Gr. Consider the ane variety
Xx = {g ∈ Gr | g
−1F (g) ∈ xUr}.
The group GFr of xed points under the Frobenius map an be identied with
the Fq-points of Gr, and is thus a nite group. The group G
F
r ats on Xx by
left multipliation, and thus by funtoriality, the l-adi ohomology with ompat
support Hic(Xx,Ql) for l 6= p, has the struture of a omplex representation of G
F
r .
Note that Ql ≃ C (non-anonially).
The above onstrution is an extension of the onstrution of Deligne and Lusztig
(whih is the ase r = 1), and was rst mentioned by Lusztig in [5℄, and then reently
developed further in [6℄. This onstrution is the rst natural step to an extension
of the Deligne-Lusztig onstrution to redutive groups over loal elds, a problem
whih has important arithmeti impliations.
In the paper [6℄, Lusztig proves an orthogonality formula for ertain virtual
representations of the group GFr , in the ase where K is a loal eld of positive
harateristi. This result is an extension of an important result of Deligne and
Lusztig in the ase r = 1, and was antiipated in [5℄.
It was shown in [2℄ that for the ase r = 1 every irreduible representation of
GF appears in the ohomology of some variety Xw, where w is an element of the
Weyl group of G (the varieties are independent of the lift of w to an element of G).
As pointed out in [6℄, this is no longer the ase for r ≥ 2. In the end of [6℄, Lusztig
states the following
Conjeture. Any irreduible representation of GFr appears in the virtual represen-
tation
∑
i≥0(−1)
iHic(Xx,Ql) for some x ∈ Gr.
In the following we will show that the onjeture does not hold for G = SL2, with
K a loal eld of positive harateristi with q odd, and r = 2, i.e., for the group
GF2 = SL2(Fq[[ε]]/(ε
2)). In the end of this paper we will show that the missing
irreduible representations of this group are realised in the ohomology of a ertain
variety, not of the form Xx for any x ∈ G2. These representations are parametrised
by ertain haraters of two dierent subgroups of GF2 .
So far nothing seems to be known about Lusztig's onjeture in the ase where
K is a loal eld of mixed harateristi. This is the fous of work in progress ([8℄).
2. The Representations of SL2(Fq[[ε]]/(ε
2))
Reall the notation of the previous setion. We speialise the disussion to the
ase G = SL2, K of positive harateristi with q odd, and r = 2. The irreduible
representations ofGF2 an be lassied using the fat thatG
F
2 is a semidiret produt
of GF , and a group N isomorphi to (F+q )
3
(three opies of the additive group of
the nite eld). The following table of representations of GF2 was given in [6℄. The
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rst olumn indiates the dimension, and the seond olumn indiates the number
of representations of that dimension.
dim #
1 1
q 1
q + 1 (q − 3)/2
(q + 1)/2 2
q − 1 (q − 1)/2
(q − 1)/2 2
q2 + q (q − 1)2/2
q2 − q (q2 − 1)/2
(q2 − 1)/2 2q
A alulation using the fat that the sum of the squares of the dimensions of the
irreduible representations of a nite group equals the order of the group, shows
that this table is inorret. We will show in the next setion that the orret value
for the last entry in the seond olumn is 4q. We therefore have to onsider 2q
representations in addition to those onsidered by Lusztig.
Consider GF2 as a semidiret produt of G
F
and N , where N is the normal
abelian subgroup of GF2 onsisting of matries of the form{
g =
(
1 + aε bε
cε 1 + dε
)
| det g = 1
}
=
{(1 + aε bε
cε 1− aε
)}
.
The method of desribing the representations of a semidiret produt by an abelian
group is given in [7℄. We give here a summary of this method for the ase under
onsideration.
Let X = Hom(N,C×). The group GF2 ats on X by
(sχ)(n) = χ(s−1ns) for s ∈ GF2 , χ ∈ X,n ∈ N.
Let (χi)i∈X/GF be a system of representatives for the orbits of G
F
in X . For eah
i ∈ X/GF , let (GF )i = StabGF (χi) and let (G
F
2 )i = (G
F )i ·N be the orresponding
subgroup of GF2 . The harater χi an be extended to (G
F
2 )i by setting
χi(gn) = χi(n) for g ∈ (G
F )i, n ∈ N.
Now let ρ be an irreduible representation of (GF )i. By omposing ρ with the
anonial projetion (GF2 )i → (G
F )i we obtain an irreduible representation ρ˜ of
(GF2 )i. Finally, by taking the tensor produt of ρ˜ and χi we obtain an irreduible
representation ρ˜⊗χi of (G
F
2 )i. Let θi,ρ be the orresponding indued representation
of GF2 . Then we have the following result (f. [7℄, Proposition 25, 8.2.)
Proposition 2.1.
(a) θi,ρ is irreduible.
(b) If θi,ρ and θi′,ρ′ are isomorphi, then i = i
′
and ρ ≃ ρ′.
() Every irreduible representation of GF2 is isomorphi to one of the θi,ρ.
We now show how to lassify all the irreduible representations of GF2 of degree
(q2 − 1)/2 using the above method. Let ψ : F+q → C
×
be a nontrivial additive
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harater, and onsider the harater
χψ : N −→ C
×, χψ
(
1 + aε bε
cε 1− aε
)
= ψ(c).
Computing the stabiliser of χψ in G
F
, we get
StabGF (χψ) =
{(
x y
z w
)
∈ GF | χψ
[(
x y
z w
)−1(
1 + aε bε
cε 1− aε
)(
x y
z w
)]
= χψ
(
1 + aε bε
cε 1− aε
)
, ∀a, b, c ∈ F+q
}
=
{(x y
z w
)
∈ GF | ψ(x2c− z2b+ 2xza) = ψ(c), ∀a, b, c ∈ F+q
}
=
{(
x y
0 x−1
)
∈ GF | x2 = 1
}
=
{(
±1 y
0 ±1
)
| y ∈ Fq
}
.
Sine StabGF (χψ) is an abelian group of order 2q, we obtain 2q irreduible repre-
sentations of GF2 of dimension (q
2 − 1)/2 by induing ertain 1-dimensional repre-
sentations of StabGF (χψ) · N , aording to the method desribed above. Now the
problem is to determine the orbits of all haraters of the form χψ under the ation
of GF .
Let ζ = e2pii/p and let Tr : Fq → Fp be the absolute trae. It is well known that
every harater F+q → C
×
is of the form
ψa(x) = ζ
Tr(ax),
for some a ∈ Fq, and that ψa 6= ψb for a 6= b.
We now onsider the ation of GF on the haraters ψa, where a ∈ F
×
q . For
k,m ∈ F×q we see that if χψk lies in the same orbit as χψm , then there exists an
element g = ( x yz w ) ∈ G
F
suh that
(gχψk)
(
1 + aε bε
cε 1− aε
)
= χψm
(
1 + aε bε
cε 1− aε
)
for all a, b, c ∈ Fq.
This in turn implies that
ψk(x
2c− z2b+ 2xza) = ψm(c) for all a, b, c ∈ Fq,
and so
ψk(x
2c) = ψm(c) for all c ∈ Fq.
Thus we must have kx2 = m. Conversely, if kx2 = m holds, then learly χψk and
χψm lie in the same G
F
-orbit.
We an now identify two orbits. We will denote the subgroup of squares in F×q
by F×2q . First, assume that k ∈ F
×2
q . Then kx
2
is a square, and any square in
F×q an be expressed in this way for some x ∈ F
×
q , sine F
×2
q is a group. Thus
{χψk | k ∈ F
×2
q } is an orbit. On the other hand, if k is not a square, then neither
is kx2, and all nonsquares in F×q an be expressed in this way for some x ∈ F
×
q ,
sine kx2 = kx′2 ⇒ x2 = x′2, and so we get all |F×2q | distint nonsquares. These
elementary onsiderations an be summed up as
GF \{χψk | k ∈ F
×
q } ≃ F
×
q /F
×2
q ≃ {±1}.
The above disussion shows that there are 4q irreduible representations of di-
mension (q2 − 1)/2. Half of them orrespond to the orbit {χψk | k ∈ F
×2
q }, whih
REPRESENTATIONS OF REDUCTIVE GROUPS OVER QUOTIENTS OF LOCAL RINGS 5
is the one ontaining χψ1 , and the other half orrespond to the orbit orresponding
to nonsquares in F×q .
3. Some Lemmas
In this setion we x some notation and ollet some results from Deligne-Lusztig
theory. Most results from the nite eld situation (r = 1) hold for all r. All results
in this setion exept for the last one, were proved for r = 1 by Deligne and Lusztig
(f. [2℄, and [4℄).
Let L : Gr → Gr, L(g) = g
−1F (g) denote the Lang map. We have
L−1(xUr) = {g ∈ Gr | g
−1F (g) ∈ xUr} = Xx.
From now on we will denote Hic(X,Ql) simply by H
i
c(X).
Denition. Let G be a nite group that ats on the varieties X and Y . We write
X ∼ Y if any irreduible representation of G appears in
∑
i≥0(−1)
iHic(X) if and
only if it appears in
∑
i≥0(−1)
iHic(Y ).
Note that the relation just dened is an equivalene relation.
Lemma 3.1. Suppose that f : X → Y is a morphism of varieties suh that for
some m ≥ 0, the bre f−1(y) is isomorphi to ane m-spae, for all y ∈ Y . Let
g, g′ be automorphisms of nite order of X,Y suh that fg = g′f . Then X ∼ Y .
Proof. See [4℄, Lemma 1.9. ❚
As pointed out in [6℄, for arbitrary r it is enough for representation theoreti
purposes to onsider varieties Xx where x runs through a set of double oset rep-
resentatives Ur\Gr/Ur. This follows from Lemma 3.1 and the following result.
Lemma 3.2. The inlusion L−1(xUr) →֒ L
−1(UrxUr) indues an isomorphism
L−1(xUr)/Ur ∩ xUrx
−1 ∼−→ L−1(UrxUr)/Ur,
ommuting with the ation of GFr on both varieties.
Proof. Denote by f the omposition of the maps L−1(xUr) →֒ L
−1(UrxUr) →
L−1(UrxUr)/Ur, where the latter is the natural projetion. Clearly f is surjetive,
beause if gUr ∈ L
−1(UrxUr)/Ur, with L(g) ∈ uxu
′
for u, u′ ∈ Ur, then L(gu) =
u−1uxu′F (u) ∈ xUr, so gu ∈ L
−1(xUr), and f(gu) = gUr.
On the other hand, the bre of f at gUr is equal to {gv ∈ L
−1(xUr) | v ∈
Ur} = {gv | v
−1L(g)F (v) ∈ xUr, v ∈ Ur} = {gv | v
−1ux ∈ xUr, v ∈ Ur} = {gv |
v−1u ∈ Ur ∩ xUrx
−1} = {gv | v = u mod Ur ∩ xUrx
−1}. Fatoring L−1(xUr) by
Ur ∩ xUrx
−1
therefore gives an isomorphism, whih ommutes with the ation of
GFr , by the naturality of f . ❚
Lemma 3.3. Let x ∈ Gr be an arbitrary element, and let λ be an element suh
that L(λ) = x. Then there is an isomorphism
L−1(xUr)
∼
−→ L−1(F (λ)UrF (λ)
−1), g 7−→ gλ−1,
ommuting with the ation of GFr .
Proof. Let g ∈ L−1(xUr). Then L(gλ
−1) = λL(g)F (λ)−1 ∈ λxUrF (λ)
−1 =
F (λ)x−1xUrF (λ)
−1 = F (λ)UrF (λ)
−1
. It is lear that this map is a morphism
of varieties, and it has an obvious inverse. ❚
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In the ase r = 1, the Bruhat deomposition says that B\G/B is in bijetion
with the Weyl group, and that a set of double oset representatives an be taken in
NG(T ), the normaliser of T . Suppose that utwt
′u′ is an arbitrary element in BwB,
for w ∈ NG(T ). Then
L−1(Uutwt′u′U) = L−1(Utwt′U) ∼ L−1(twt′U) = L−1(t′′wU),
for some t′′ ∈ T . Sine t 7→ wF (t)w−1 is a Frobenius map on T , Lang's theorem
says that there exists λ ∈ T suh that λ−1wF (λ)w−1 = t′′. The map
L−1(t′′wU) −→ L−1(wU), g 7−→ gλ−1
is then an isomorphism of varieties, preserving the ation of GF . Indeed, if g is an
element in L−1(t′′wU), then L(gλ−1) ∈ λt′′wU = wF (λ)w−1t′′−1t′′wUF (λ)−1 =
wF (λ)UF (λ) = wU .
Beause of this, in the ase r = 1 it is enough to onsider varieties attahed
to elements of the Weyl group, among all varieties Xx, x ∈ G. This is no longer
enough for r > 1.
Denition 3.4. Let G be a nite group that ats on the left on the variety X ,
and let A be a nite abelian group that ats on the right on X . For any harater
θ : A→ Q
×
l and g ∈ G, we dene a virtual harater of G by
L (g,X)θ =
∑
i≥0
(−1)iTr(g,Hic(X)θ).
Here we use the notation Vθ = {v ∈ V | va = θ(a)v, for all a ∈ A}, for V a
nite dimensional right Ql[A]-module. Sine for any suh V we have V =
⊕
θ Vθ,
we have a virtual harater
L (g,X) =
⊕
θ
L (g,X)θ =
∑
i≥0
(−1)iTr(g,Hic(X)),
lassially alled the Lefshetz number. We will make use of the following results.
Lemma 3.5. Let G, A, and X be as in the above denition. Then for any g ∈ G
we have
L (g,X)θ =
1
|A|
∑
a∈A
θ(a−1)L ((g, a), X),
where (g, a) ats on X by x 7→ gxa.
Proof. See [1℄, Proposition 7.2.3. ❚
Lemma 3.6. Let G and X be as above, and assume that X is a nite set. Then
Hic(X) = 0 if i 6= 0, and H
0
c (X) ≃ Ql[X ] is a permutation representation of G.
Furthermore the harater of this representation is given by L (g,X) = |Xg|.
Proof. See e.g. [3℄, Proposition 10.8. ❚
Lemma 3.7. Let G be a nite group ating on the variety X, and let X =
∐
i∈I Xi
be a nite partition of X into disjoint, losed subsets. Assume that G permutes the
subsets Xi among them in suh a way that the ation of G on I is transitive. Let
H = StabG(Xi0) = {g ∈ G | gXi0 = Xi0} for a xed i0 ∈ I. Then the generalised
harater g 7→ L (g,X) of G is indued by the generalised harater h 7→ L (h,Xi0)
of H.
Proof. See [4℄, Lemma 1.7. ❚
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We end with a new result whih has no nontrivial analogue for r = 1.
Lemma 3.8. Let r > 1, x ∈ Gr, and onsider the variety L
−1(xUr). Then the
projetion map ρr : Gr → G indues an isomorphism
(G1r)
F \L−1(xUr)
∼
−→ L−1(ρr(x)U),
ommuting with the ation of GF2 .
Proof. Let f be the map L−1(xUr) → L
−1(ρr(x)U), given by g 7→ ρr(g). This
map is surjetive beause if g ∈ L−1(ρr(x)U), then ir(g) ∈ ir(L
−1(ρr(x)U)) ⊂
L−1(xUr), and f(ir(g)) = g. The bre of f at g is equal to
{a · ir(g) ∈ L
−1(xUr) | ρr(a) = 1} = {a · ir(g) | a ∈ (G
1
r)
F },
and this shows that fatoring L−1(xUr) by (G
1
r)
F
gives an isomorphism whih
ommutes with the ation of GFr , by the naturality of f . ❚
4. Lusztig's Conjeture for SL2(Fq[[ε]]/(ε
2))
In the rest of this paper we will fous on the ase G = SL2, K of positive
harateristi with q odd, and r = 2. In the following we will show that only 4 of
the representations of dimension (q2 − 1)/2 of GF2 an be realised by varieties of
the form Xx for x ∈ G2.
By Lemma 3.2, all representations that an be realised by varieties Xx, x ∈ G2,
an also be realised by varieties Xx, where x is a representative in U2\G2/U2.
Therefore, the rst plae to start looking for representations is in the ohomology
of varieties orresponding to representatives of B2\G2/B2. Suh a set of represen-
tatives is given by{
w1 =
(
1 0
0 1
)
, w2 =
(
0 −1
1 0
)
, e =
(
1 0
ε 1
)}
.
Proposition 4.1. Any irreduible representation that an be realised by a variety
Xx for x ∈ G2, an also be realised by a variety Xx, where either x = w1, w2, or
x = ( 1 0kε 1 ), for some k ∈ F
×
.
Proof. Every element x ∈ G2 lies in a B2B2 double oset orresponding to one of
the elements w1, w1, e above. The elements w1 and w2 normalise T2, so as in the
ase of r = 1, for any element x ∈ B2w1B2 = B2 we have Xx ∼ Xw1 , and for any
y ∈ B2w2B2 we have Xy ∼ Xw2 .
In ontrast, the element e does not normalise T2, so we annot a priori draw the
same onlusions as above. Assume that x = utet′u′, where u, u′ ∈ U2 and t, t
′ ∈ T2.
Then L−1(utet′u′U2) ∼ L
−1(U2tet
′U2) ∼ L
−1(tet′U2), and by Lemma 3.3 we have
L−1(tet′U2) ∼ L
−1(F (λ)U2F (λ)
−1), where L(λ) = tet′. We an assume that λ has
the form
λ =
(
t0 + t1ε 0
uε (t0 + t1ε)
−1
)
for some u, t0 ∈ F
×
q , t1 ∈ Fq.
Sine we an write λ = e′t′′, where e′ =
(
1 0
ut−1
0
ε 1
)
, and t′′ =
(
t0+t1ε 0
0 (t0+t1ε)
−1
)
, we
get L−1(F (λ)U2F (λ)
−1) = L−1(F (e′t′′)U2F (e
′t′′)−1) = L−1(F (e′)U2F (e
′)−1) ∼
L−1(L(e′)U2). The element L(e
′) = (e′)−1F (e′) is obviously of the form ( 1 0kε 1 ), for
some k ∈ F×. Thus, for every x ∈ B2eB2 we have Xx ∼ L
−1(( 1 0kε 1 )U2), for some
k ∈ F×, and any suh k appears for some x. ❚
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It is lear that the varieties orresponding to elements ( 1 0kε 1 ), k ∈ F
×
, are not
all essentially dierent. Namely, if κ ∈ G2 is suh that L(κ) = ( 1 0kε 1 ), then for any(
t0 0
0 t−1
0
)
∈ T we have
L−1(( 1 0kε 1 )U2) ≃ L
−1(F (κ)U2F (κ)
−1) = L−1
(
F
[
κ
( t0 0
0 t−1
0
)]
U2F
[
κ
( t0 0
0 t−1
0
)]−1)
≃ L−1
(
L(κ
( t0 0
0 t−1
0
)
)U2
)
= L−1
(( t0 0
0 t−1
0
)
( 1 0kε 1 )F
( t0 0
0 t−1
0
)
U2
)
= L−1
(( t0 0
0 t−1
0
)
( 1 0kε 1 )
( tq
0
0
0 t−q
0
)
U2
)
= L−1
((
tq−1
0
0
tq+1
0
kε t1−q
0
)
U2
)
.
Thus L−1(( 1 0kε 1 )U2) ≃ L
−1(
( 1 0
t20kε 1
)
U2), if t
q
0 = t0. We see from this that the
equivalene lass of L−1(( 1 0kε 1 )U2) does only depend on the oset of k in F
×/F×2q .
In the following we will show the stronger result that all varieties Xx for x = ( 1 0kε 1 ),
k ∈ F× aord the same irreduible representations.
In [6℄, 3.3 it is laimed that the variety Xe realises 2q irreduible representations
of dimension (q2 − 1)/2. The alulations of Lusztig already show that this annot
be the ase, sine the variety aords a permutation representation of dimension
q(q2−1) and any permutation representation ontains at least one opy of the trivial
representation. We will now give the orret deomposition of this permutation
representation. Hene we will see that most representations of dimension (q2−1)/2
are not realised in varieties of the form Xx, x ∈ G2.
For any k ∈ F× we write Xk = L
−1(( 1 0kε 1 )U2), by abuse of notation. The variety
Xk is endowed with an ation of the group U2 ∩ ( 1 0kε 1 )U2 (
1 0
kε 1 )
−1
= U12 , ating by
right multipliation. By Lemma 3.1 we have Xk ∼ Xk/U
1
2 .
Theorem 4.2. Let k ∈ F×. The virtual GF2 -representation
∑
i≥0(−1)
iHic(Xk)
deomposes into the diret sum of the following representations
(i) 4 distint irreduible representations of dimension (q2−1)/2, eah one with
multipliity (q − 1)/2,
(ii) the irreduible representations of dimension 1, q, (q+1)/2, eah with mul-
tipliity one,
(iii) the irreduible representations of dimension q + 1, eah with multipliity 2.
Moreover, for all k, k′ ∈ F× we have Xk ∼ Xk′ .
Proof. The proof goes as follows. First we alulate the variety Xk expliitly fol-
lowing the alulations of Lusztig for the ase k = 1 (f. [6℄, 3.3), and show that
the representations aorded by Xk an be realised by a nite (0-dimensional) va-
riety Xk. Next we show that there exists a partition of Xk into losed subset suh
that the ation of GF2 on the parts is transitive. We identify a part X
(±1,0)
k with
stabiliser SF , where SF is idential to the group StabGF (χψ) ·N in Setion 2. Now
Lemma 3.7 tells us that the GF2 -representation aorded by Xk is isomorphi to the
representation indued from the SF -representation aorded by the part X
(±1,0)
k .
Finally, we show how to deompose the latter representation with respet to the
ation of a ertain abelian group, and thanks to the results of Setion 2 we an
identify exatly whih representations of GF2 our in the ohomology of Xk.
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Let g =
(
a b
c d
)
∈ G2. The ondition that g ∈ Xk is that
F
(
a b
c d
)
∈
(
a b
c d
)(
1 0
kε 1
)(
1 x
0 1
)
=
(
a+ bkε b+ (a+ bkε)x
c+ dkε d+ (c+ dkε)x
)
,
for some x ∈ F[[ε]]/(ε2). This ondition is equivalent to the system of equations{
F (a) = a+ bkε, F (b) = b+ (a+ bkε)x,
F (c) = c+ dkε, F (d) = d+ (c+ dkε)x.
In order to eliminate x from the equations, we note that sine g ∈ G2, the above
system is equivalent to{
F (a) = a+ bkε, F (c) = c+ dkε,
(F (b)− b)(c+ dkε) = (F (d)− d)(a + bkε).
Setting a = a0 + a1ε, b = b0 + b1ε, c = c0 + c1ε, d = d0 + d1ε, we obtain{
aq0 = a0, c
q
0 = c0, a
q
1 = a1 + b0k, c
q
1 = c1 + d0k,
(bq0 − b0)c0 = (d
q
0 − d0)a0, (b
q
1 − b1)(c1 + d0k) = (d
q
1 − d1)(a1 + b0k).
Thus, we may identify Xk with the set of all (a0, b0, c0, d0, a1, b1, c1, d1) ∈ F
8
suh
that
(a) aq0 = a0, c
q
0 = c0, a
q
1 = a1 + b0k, c
q
1 = c1 + d0k,
(b) a0d0 − b0c0 = 1, a0d1 + a1d0 − b0c1 − b1c0 = 0 (⇔ det g = 1),
(c) (bq0 − b0)c0 = (d
q
0 − d0)a0,
bq1c0 − b1c0 + b
q
0c1 − b0c1 + b
q
0d0k = d
q
1a0 + d
q
1a0 − a0d1 + d
q
0a1 − d0a1 + d
q
0b0k.
Now the rst equation (c) follows by raising the rst equation (b) to the qth power,
and using the two rst equations (a). The seond equation (c) follows by raising
the seond equation (b) to the qth power, using the two last equations (a), and
adding again the seond equation (b). Thus the equations (c) an be omitted.
The rst equation (b) an be written (using (a)):
a0(c
q
1 − c1)k
−1 − c0(a
q
1 − a1)k
−1 = 1, that is (a0c1 − c0a1)
q − (a0c1 − c0a1) = k.
Setting f = a0c1 − c0a1, we see that Xk an be identied with the set of all
(a0, b0, c0, d0, a1, b1, c1, d1, f) ∈ F
9
suh that{
aq0 = a0, c
q
0 = c0, a
q
1 = a1 + b0k, c
q
1 = c1 + d0k,
f q − f = k, f = a0c1 − c0a1, a0d1 + a1d0 − b0c1 − b1c0 = 0.
We now fator out by the ation of U12 . If u = (
1 xε
0 1 ) ∈ U
1
2 , then the ation g 7→ gu
on Xk is given in terms of oordinates by
(a0, b0, c0, d0, a1, b1, c1, d1, f) 7−→ (a0, b0, c0, d0, a1, b1 + a0x, c1, d1 + c0x, f).
Suppose that (a0, b0, c0, d0, a1, b1, c1, d1, f) and (a0, b0, c0, d0, a1, b
′
1, c1, d
′
1, f) are two
points on Xk. Then
a0d1 + a1d0 − b0c1 − b1c0 = 0, and a0d
′
1 + a1d0 − b0c1 − b
′
1c0 = 0.
These equations imply that a0(d1 − d
′
1) = c0(b1 − b
′
1), whih is equivalent to b
′
1 =
b1 + a0x, d
′
1 = d
′
1 + c0x, for some x ∈ F. Thus the quotient variety Xk/U
1
2 may be
identied with the set of points (a0, b0, c0, d0, a1, c1, f) ∈ F
7
suh that
aq0 = a0, c
q
0 = c0, a
q
1 = a1 + b0k, c
q
1 = c1 + d0k, f
q − f = k, f = a0c1 − c0a1.
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This in turn is naturally isomorphi to
{(a0, c0, a1, c1, f) ∈ F
5 | aq0 = a0, c
q
0 = c0, f
q − f = k, f = a0c1 − c0a1}.
We onsider the obvious projetion α : (a0, c0, a1, c1, f) 7→ (a0, c0, f) of this set, to
the nite set
Xk = {(a0, c0, f) ∈ F
3 | aq0 = a0, c
q
0 = c0, f
q − f = k, (a0, c0) 6= (0, 0)}.
We remark that if f q − f = k for some f ∈ F, then (f + f0)
q − (f + f0) = k for any
f0 ∈ Fq. Hene, for any k ∈ F
×
, the equation f q − f = k has q solutions, and if f
is suh a solution, then every solution is of the form f + f0, for some f0 ∈ Fq.
Dene an ation of GF2 on Xk as the unique ation suh that α(gx) = gα(x),
for x ∈ Xk, g ∈ G
F
2 . The bre of α at (a0, c0, f) ∈ Xk is the ane line {(a1, c1) ∈
F2 | a0c1 − c0a1 = f}. Thus by Lemma 3.1, Xk ∼ Xk/U
1
2 ∼ Xk. Sine Xk
is a 0-dimensional variety, it follows from Lemma 3.6 that
∑
i≥0(−1)
iHic(Xk) =
H0c (Xk) ≃ Ql[Xk], whih is a permutation representation of dimension |Xk| =
q(q2 − 1).
We now turn to the problem of deomposing the representation Ql[Xk] into
irreduibles. Consider the group
A =
{(
±1 0
xε ±1
)
| x ∈ Fq
}
.
This group ats on Xk by right multipliation. There is a unique ation of A on
Xk satisfying α(xa) = α(x)a, for x ∈ Xk, a ∈ A. The ation on Xk is given in
terms of oordinates by
(a0, c0, f) 7−→ (±a0,±b0, f + x).
The set of orbits Xk/A denes a partition of Xk into losed subsets X
(a0,c0)
k , in-
dexed by pairs (a0, c0) ∈ F
2
q/{±1}, (a0, c0) 6= (0, 0). Hene, eah orbit ontains 2q
elements.
Now onsider the ation of the group GF2 onXk. For g =
(
x0+x1ε y0+y1ε
z0+z1ε w0+w1ε
)
∈ GF2 ,
the ation is given in terms of oordinates by
(a0, c0, f) 7−→ (x0a0 + y0c0, z0a0 + w0c0,
f + a20(x0z1 − z0x1) + a0c0(x0w1 + y0z1 − z0y1 − w0x1) + c
2
0(y0w1 − w0y1)).
Thus gX
(a0,c0)
k = X
(x0a0+y0c0,z0a0+w0c0)
k , and G
F
2 ats transitively on the set of
orbits X
(a0,c0)
k . The stabiliser of the orbit X
(±1,0)
k is given by
SF := StabGF
2
(X
(±1,0)
k ) =
{(
±1 + x1ε y0 + y1ε
z1ε ±1 + w1ε
)
∈ GF2
}
.
It follows from Lemma 3.7 that theGF2 -representation
∑
i≥0(−1)
iHic(Xk) ≃ H
0
c (Xk)
is indued by the SF -representation
∑
i≥0(−1)
iHic(X
(±1,0)
k ) = H
0
c (X
(±1,0)
k ). We
will determine the latter by using some harater theory.
Let s denote an element in SF , and let χ : A → Q
×
l be a harater. Sine
indution preserves diret sums, we have
H0c (Xk) =
⊕
χ
Ind
GF2
SF H
0
c (X
(±1,0)
k )χ,
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and by Lemma 3.5 and Lemma 3.6 we have
Tr(s,H0c (X
(±1,0)
k )χ) =
1
|A|
∑
a∈A
χ(a−1)|(X
(±1,0)
k )
(s,a)|.
Thus we have to determine the xed points of X
(±1,0)
k under the ation of (s, a) ∈
SF × A. Every s ∈ SF an be deomposed uniquely as s = ua′, where u ∈
{
(
1+xε y0+y1ε
0 1−xε
)
∈ GF2 }, and a
′ ∈ A. The set X
(±1,0)
k is xed under onjugation by
elements in A, and the element u leaves it xed. Thus
|(X
(±1,0)
k )
(s,a)| =
{
2q if a′ = a−1,
0 otherwise,
and so
Tr(s,H0c (X
(±1,0)
k )χ) =
1
2q
χ(a′)2q = χ(a′).
We see that the harater of the representation H0c (X
(±1,0)
k ) is the diret sum of all
haraters of SF given by(
±1 + x1ε y0 + y1ε
z1ε ±1 + w1ε
)
7−→ χ±(±1) · ψ(z1),
where χ± ∈ Hom({±1},Q
×
l ), ψ ∈ Hom(F
+
q ,Q
×
l ). Comparing this with the desrip-
tion of the irreduible representations of GF2 of dimension (q
2−1)/2 given in Setion
2, we see that there are four haraters χ for whih the indued haraters of GF2
are distint and irreduible. All other haraters χ suh that χ2 6= 1 give rise to
representations of GF2 isomorphi to one of these. Next onsider χ = 1. Induing
the trivial harater of SF to GF2 gives the harater of the permutation represen-
tation Ql[G
F
2 /S
F ] ≃ Ql[G
F /{
(
±1 y0
0 ±1
)
}], and from the lassial nite eld ase we
know that this representation onsists of the representations of dimension 1 and q,
and (q− 3)/2 irreduible representations of dimension q+1. Analogously, induing
the harater χ for whih χ2 = 1, χ 6= 1, we see that the resulting representation
onsists of the two irreduible representations of dimension (q+1)/2, and (q− 3)/2
irreduible representations of dimension q+1 isomorphi to the ones orresponding
to χ = 1.
This disussion shows that the above results are independent of the hoie of
k ∈ F×. Hene, the theorem is proved. ❚
5. Realising The Missing Representations
Using the observations of the previous setions, we show how all irreduible
representations of dimension (q2− 1)/2 of GF2 an be realised in the ohomology of
a ertain variety.
Consider the subgroup S = ZG12U of G2, where Z is the entre of G2. Then it
is learly an F -stable subgroup, and SF is ompatible with the notation used in
the previous setion. As we have seen, all irreduible representations of dimension
(q2−1)/2 of GF2 an be obtained by induing ertain 1-dimensional representations
of the subgroup SF . Some elementary alulations show that the ommutator
subgroup of S is given by
(S, S) =
{(1 + xε yε
0 1− xε
)}
,
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and this is again an F -stable subgroup. Consider the variety
Y = {g ∈ G2 | g
−1F (g) ∈ (S, S)}/(S, S),
where (S, S) ats by right multipliation. The variety Y is ated on by GF2 and S
F
by left and right multipliation, respetively.
Sine (S, S) is F -stable, there is an obvious inlusion map Y → G2/(S, S),
whose image is (G2/(S, S))
F ≃ GF2 /(S, S)
F
. We thus have an isomorphism Y ≃
GF2 /(S, S)
F
.
Let χ be a harater of SF suh that χ is an extension of a harater ( 1 0xε 1 ) 7→
ψ(x), for some ψ ∈ Hom(F+q ,Q
×
l ). We have seen that there are two distint orbits
of suh haraters χ, with respet to the ation of GF . Let θ be an arbitrary
harater of the subgroup {
(
±1 y0
0 ±1
)
∈ GF }.
Proposition 5.1. Every irreduible representation of GF2 of dimension (q
2 − 1)/2
is given by ∑
i≥0
(−1)i(Hic(Y )⊗ χ⊗ θ) = H
0
c (Y )⊗ χ⊗ θ,
where the haraters χ and θ are identied with their orresponding 1-dimensional
representations of SF . Moreover, if χ runs through a set of representatives of orbits
under GF , then eah irreduible representation of dimension (q2 − 1)/2 appears
exatly one.
Proof. We have seen above that Y ≃ GF2 /(S, S)
F
, so by Lemma 3.6 the ohomology
of Y is onentrated in degree 0, and H0c (Y ) ≃ Ql[G
F
2 /(S, S)
F ]. Now let V be a
representation of SF that fators through (S, S)F , i.e., a 1-dimensional represen-
tation. Then there is a representation of GF2 given by H
0
c (Y ) ⊗Ql[SF ] V , and this
representation is isomorphi to the one given by induing V to GF2 (f. [3℄, h. 4).
By the desription of the irreduible representations of dimension (q2 − 1)/2 as
indued by 1-dimensional representations of SF given in Setion 2, it follows that
these representations are given by H0c (Y )⊗ χ⊗ θ, as asserted. ❚
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